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About PDE:

Walter Strauss, Partial Differential Equations, An Introduction, 2nd Edition,
P.47

5. Prove properties (a) to (e) of the diffusion equation (1)(u: = kuyy).

(a) The translate u(z—y, t) of any solution u(x, t) is another solution, for

any fixed y.

SOLUTION:

Let v(z, t) = u(x—yo, t), For uy = kug,, v, = w(x—1yo, t) = kg (z—yo, t),
Uy = U(T — Yo, t), Vpx = Uge(® — Yo, t), Then vy = uy(x — yo, t) =
kg, (x — 4o, t) = kg, Q.E.D.

(b) Any derivative (u, or u; or u,,, etc.) of a solution is again a solution.
SOLUTION:

( )t - (kuxa:)t - kuta:ac = k(ut)a:ac

(c) A linear combination of solutions of (1) is again a solution of (1)(u; =
kug,).(This is just linearity.)

SOLUTION:
For u; = kug,, Let u = ciuy + coug + - - - + cpiy, then uy = ¢ (uq); + co(ug) +
-+ Cn(”n)t - k<cl (ul)xz + C2(u2)xz + -+ Cn(”n)x:r}) = kuxw QED

(d)An integral of solutions is again a solution. Thus if S(z,t) is a solution
of (1)(us = kuygy,), then so is S(z—y, t) and so is

v(z, t) = /OO S(x—y, t)g(y)dy

—0o0

for any function g(y), as long as this improper integral converges appropri-
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ately. (We' 11 worry about convergence later.) In fact, (d) is just a limiting

form of (c).
SOLUTION:
For Siy(x —y, t) = kSu(x — vy, 1)
ale. )= [ Sie = v o)y = [ KSualo— v, Og)dy

v (2, 1) = /_OO Se(z =y, 1)g(Y)dy, vea(z, t) = /_OO Sez(r =y, t)g(y)dy

[e.9]

wle, 1) = / " Sy —y, Dgly)dy = / ESua(r — g, Dgly)dy

—0o0

= k/ Sea(® =y, )g(y)dy = kvge(, t)

Q.E.D.

(e)If u(x, t) is a solution of (1)(u; = kuy,), so is the dilated function
u(y/az, at), for any a > 0. Prove this by the chain rule:

SOLUTION:

Let v(x, t) = u(y/az, at), then v, = au,(\/ax, at) = akug.(v/ax, at)

v, = Vaug(vax, at), and v, = aug(v/az, at), so v; = aw(vax, at) =
akug,(vazx, at) = kvg, Q.E.D.



